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Abstract
Association rules is a recent data mining technique to discover affinities, in large
transaction databases, between items frequently purchased together.  It has been
claimed that the discovery of frequent sets of items is well suited for applications of
market basket analysis to discover regularities in the purchase behaviour of
customers.  In this study, we integrate the discovery of frequent itemsets from
association rules with an integer programmming model for product selection
(PROFSET).  The model combines both quantitative and qualitative (domain
knowledge) criteria.  Sales transaction data obtained from a fully-automated
convenience store are used to demonstrate the effectiveness of the model against a
heuristic for product selection based on product-specific profitability.  We show that
with the use of frequent itemsets we are able to identify the cross-sales potential of
product items and use this information for better product selection.  Furthermore, we
demonstrate that the impact of product-mix decisions on overall assortment
profitability can be evaluated by means of sensitivity analysis.



1 Introduction

The past two decades has seen a dramatic increase in the amount of information or
data being stored in electronic format.  This accumulation of data has taken place
at an explosive rate.  It has been estimated that the amount of information in the
world doubles every 20 months and the size and number of databases are
increasing even faster [Frawley, Piatetsky-Shapiro and Matheus 1991].  Hedberg
[1995] mentions the American supermarket chain Wal-Mart which stores about 20
million sales transactions per day.  Two important drivers, i.e. collection and
storage, have supported this evolution.  The increase of electronic data gathering
devices, such as point-of-sale technologies, has made it easier for retailers to
collect data, furthermore, data storage became easier as the availability of large
amounts of computing power at low cost made data cheaper.

Having concentrated so much attention on the accumulation of data the problem
was what to do with this valuable resource.  It was recognized that information is
at the heart of business operations and that decision-makers could make use of the
data stored to gain valuable insight into the business.  Traditional on-line
transaction processing systems are good at putting data into databases quickly,
safely and efficiently but are not good at delivering meaningful analysis in return.
This is where data mining comes into play. Data mining is the nontrivial
extraction of implicit, previously unknown, and potentially useful information
from data [Frawley, Piatetsky-Shapiro and Matheus 1991].

According to McGoldrick [1990] "it is difficult to dispute that decision-making in
retail marketing can be only as good as the information upon which the decisions
are based.  The rapid progress that is being made in the technology and
applications of computers for retailers is therefore highly pertinent to the
development of retail marketing."  With regard to retail marketing mix decisions,
recent developments in data mining can be highly beneficial as they allow the
systematic and efficient analysis of sales transaction data (i.e. market basket
analysis) to discover interesting regularities in customer purchase behaviour.

In this paper, we tackle the problem of product assortment analysis and introduce
an integer-programming model for product selection (PROFSET1) based on the
use of frequent itemsets.  We demonstrate the effectiveness of our approach on
real-world sales transaction data obtained from a fully automated convenience
store.

                                                       
1 PROFSET uses the PROFitability per frequent SET to determine the optimal selection of

products in terms of maximal total profit



The paper is organized as follows.  In section 2, we introduce the concept of the
fully-automated convenience store and indicate specific problems related to this
new retailing formula.  Subsequently, section 3 provides a formal introduction to
the technique of association rules.  Then, in section 4, we formally define the
model for product selection introduced in this study.  Section 5 presents the results
of the empirical study, and finall y, section 6 summarises our work and presents
directions for future research.

2 The fully-automated convenience store

Today, for a growing number of customers, the traditional retail hours have
become an inconvenience.  This has resulted in the development of new retail
formulas like for instance vending machines and so-called night-shops.  The
concept of the full y automated convenience (FAC) store is closely related to the
vending machine.  However, as opposed to the product assortment of the typical
vending machine, this new retail store offers a wider variety of products.
Typically, a selection of about 200 products is included ranging from the typical
product categories like beverages, food, candy and cigarettes to products li ke
healthcare, petfood, fruit, batteries, film supplies (camera, roll of film), which are
presented to the customer by means of a 8 m² window display.  When the
consumer decides to buy from the shop, a shopping li st must be entered using the
MMI (Man Machine Interface).  The MMI is a computerized interface through
which all communication (shopping li st, payment and product delivery) between
man and machine takes place.  By acceptance of payment, a robot collects the
requested products and delivers them to the client.  Each transaction in the FAC-
shop is carefull y stored into a database to enable detailed management reporting.
The reporting system allows the retailer to gain market feedback and thus improve
his retail marketing mix decisions to further increase store profitability.

The store, however, poses specific problems in terms of assortment analysis and
product placement that are different from the problems encountered in the usual
'supermarket' settings.  Firstly, the product assortment problem is limited to a
selection of about 200 products where in supermarkets the product selection
problem is much harder to solve.  Secondly, customers typicall y buy only one to
three different products from the shop during a single shopping occasion.
Therefore, composition of the assortment and product positioning are critical
issues to gain maximum advantage of cross-sell ing opportunities.



3 Association rules: an overview

Today, as a result of increased computing power and eff icient algorithms, data
mining techniques can be used to search efficiently for interesting information in
large amounts of transaction data.  A recent data mining technique for market
basket analysis is association rules introduced by Agrawal, Imielinski & Swami
[1993]. The following is a formal introduction of this technique:

Let I = { i1, i2, …, ik} be a set of literals, called items.  Let D be a set of
transactions, where each transaction T is a set of items such that T ⊆ I.  Associated
with each transaction is a unique identifier, called its TID.  We say that a
transaction T contains X, a set of some items in I, if X ⊆ T.  An association rule is
an implication of the form X ⇒ Y, where X ⊂ I, Y ⊂ I, and X ∩ Y = ∅.  The rule X
⇒ Y holds in the transaction set D with confidence c if c% of transactions in D
that contain X also contain Y.  The rule X ⇒ Y has support s in the transaction set
D if s% of transactions in D contain    X ∪ Y.  Given a set of transactions D, the
problem of mining association rules is to generate all association rules that have
support and confidence greater than the user-specified minimum support (minsup)
and minimum confidence (minconf).

Generating association rules involves looking for so-called frequent sets in the
data.  Indeed, the support of the rule X ⇒ Y equals the frequency of the set { X, Y} .
Thus by looking for frequent sets, we can determine the support of each rule
[Mannila 1997].

Definition 1  Frequency of an itemset

s(X, D) represents the frequency of itemset X in D, i.e. the fraction of transactions
of D that contain X.

�

Definition 2  Frequent itemset

An itemset X is called frequent in D, if s(X, D) ≥ σ with σ the minsup.
�

A typical approach [Agrawal, Mannila, Srikant, Toivonen & Verkamo 1996] to
discover all frequent sets X is to use the knowledge that all subsets of a frequent
set are also frequent.  This insight simplifies the discovery of all frequent sets
considerably, i.e. first find all frequent sets of size 1 by reading the data once and
recording the number of times each item A occurs.  Then form candidate sets of
size 2 by taking all pairs {B, C} of items such that {B} and {C} both are frequent.



The frequency of the candidate sets is again evaluated against the database.  Once
frequent sets of size 2 are known, candidate sets of size 3 can be formed; these are
sets { B, C, D} such that {B, C} , {B, D} and { C, D} are all frequent.  This process
is continued until no more candidate sets can be formed. Once all frequent sets are
known, finding association rules is easy.  Namely, for each frequent set X and
each Y ∈ X verify whether the rule X \ { Y} ⇒ Y has suff iciently high confidence.
The given algorithm has to read the database at most K+1 times, where K is the
size of the largest frequent set.  In the applications, K is small, typically at most
10, so the number of passes through the data is reasonable.  For the problem being
studied in this paper, K wil l be very small because the average customer buys only
one or a few products from the automated convenience store during each shopping
occasion.

Consequently, the technique of association rules produces a set of rules describing
underlying purchase patterns in the data, like for instance bread ⇒ cheese
[support = 20% ; confidence = 75%].  Informally, support of an association rule
indicates how frequent that rule occurs in the data.  The higher the support of the
rule the more prevalent the rule is.  Confidence is a measure of the reliability of an
association rule.  The higher the confidence of the rule, the more confident we are
that the rule really uncovers the true relationship in the data.  It is clear that we are
especiall y interested in association rules that have a high support and a high
confidence.

4 PROFSET: a product selection model

4.1 Problem situation

Determining the ideal product assortment has been (and stil l is) the dream of
every retailer.  From the marketing literature [Van der Ster & Van Wissen 1993] it
is known that the optimal product assortment should meet two important criteria.

Firstly, the assortment should be qualitatively consistent with the store's image. A
store's image distinguishes the retailer from its competition and is projected
through its design, layout, services and of course its products.  Therefore, retailers
often distinguish between basic products and added products.  Basic products are
products that should not be deleted from the assortment because they are the core
materiali zation of the retailer's store formula.  For example, for a typical
convenience store, customers expect at least beverages, cigarettes, food and candy
products in the assortment.  Therefore, such products should not be removed,
otherwise the assortment will not meet the basic expectations of customers who
visit the store.  In contrast, added products are chosen by the retailer to confirm
the store image even more and should be selected as to maximize cross-sales
potential with basic products.  Indeed, retailers are interested in adding items
whose sales will not be made at the expense of currently stocked items but may



help increase the sales of other items (sales complements) [Pessemier 1980].  For
the convenience store, examples may include cigarette lighters, coffee whitener or
tea warmers.  This means that added products should be selected by the model
based on their purchase aff inity with basic products.

Secondly, because retailing organizations are profit-seeking companies, the
product assortment should be quantitatively appealing in terms of the profitabil ity
it generates for the retailer.  In section 4.2 this quantitative element wil l be further
defined.

In contrast to the criteria described above, product assortment decisions are often
based on rules of thumb; if products generate high sales, more of them is ordered,
in contrast, when sales of some products do not meet the expectations, they are
deleted from the assortment.  In the past, marketing researchers have attempted to
construct optimization models for more objective product selection [Hansen &
Heinsbroek 1978, Zufryden 1986, 1987] and shelf space allocation [Brown &
Tucker 1961, Hansen & Heinsbroek 1978, Anderson 1979, Bultez & Naert 1988,
Bultez, Naert, Gijsbrechts & Vanden Abeele 1989, Corstjens & Doyle 1981, 1983,
Zufryden 1986, 1987 Borin & Farris 1995, Urban 1998].  Unfortunately, the
estimation of shelf space elasticities (obtained through expert interviewing),
estimation of substitution and complementarity effects between products and the
high cost of conducting experiments to measure these parameters have rendered
systematic use of these models almost impossible in practice.  According to Borin
and Farris [1995] the number of parameters required for their shelf management
model is 2n + n² where n is the number of items in the assortment.  Thus, even for
a moderately sized assortment the number of required parameters becomes large
very quickly.  Moreover, rapidly changing market situations require parameter
estimates to be updated continually.   While these models, from a theoretical point
of view, have contributed a lot to the understanding of product assortment
decisions, the above limitations urge for a more flexible and easy to carry out
method for product selection.

4.2 PROFSET: model for product selection based on frequent sets

According to the problem situation described above, a model must be constructed
that is able to select a hitlist of products, i.e. a selection of a user-defined number
of products from the assortment which yields the maximum overall profit, taking
into account background knowledge of the retailer.  A simple solution to this
problem, often used in practice, is to calculate the total profit contribution
generated per product and then select those products, in addition to the basic
products that have already been selected by the retailer, that contribute the most to
the overall profitabilit y.  We call this the product-specific profitabilit y heuristic.
Although easy to calculate, it does not take cross-sell ing effects of products into
account.  In contrast, the PROFSET model, introduced in this paper, implicitly
takes into account cross-sell ing effects by using frequent itemsets.  Before



specifying the model formally, we will first introduce the parameters and
components of the model.

A. Model parameters

Gross margin

Let: Tj an individual sales transaction at time j

SPi be the sell ing price of product i

PPi the purchase price of product i

fi the number of times product i was purchased in Tj

Definition 3 mTj is the gross margin generated by sales transaction Tj

∀ Tj :  mTj =        (SPi – PPi) * fi
�

Definition 4 Mx is the gross margin of frequent itemset X

          mj  =        if  X = Tj

∀ X :  Mx =   with 

    = 0      otherwise
�

It is important to understand why X must equal Tj for mj to be non-zero.  The
reason is that we will use the sum of all Mx to approximate the total profitabil ity of
the assortment.  Now, suppose that mj ≠ 0 when X ⊆ Tj  instead of X = Tj with { i1,
i2} a frequent itemset and { i1, i2, i4} a sales transaction.  Clearly, { i1, i2} ⊆ { i1, i2,
i4} but, because { i1, i2} is frequent, it is known [Agrawal, Mannila, Srikant,
Toivonen & Verkamo 1996] that { i1} and { i2} must also be frequent.
Consequently, { i1} ⊆ { i1, i2, i4} and { i2} ⊆ { i1, i2, i4} and thus the gross margin
generated by sales transaction { i1, i2, i4} will add to M{i1,i2}, M{i1} and M{i2} even if
i4 is not selected for inclusion in the hitlist.  Thus, if mj ≠ 0 when X ⊆ Tj, then a
single sales transaction increases the MX parameter of all the frequent itemsets that
are contained in that transaction.  To summarise, a single sales transaction is
allowed to contribute to the total profitabil ity only once through the MX parameter
of the frequent itemset that contains the same items as those included in that
transaction.

# transactions m
Tj

mj

∑
∈ Tji

∑
# transactions

j=1

mj



Costs (of products)

Also product handling and inventory costs should be included in the model.
Product handling costs refer to costs associated with the physical handling of
goods.  Inventory costs include costs of re-stocking which are a function of
replenishment frequency and the lead-time of the orders.  In practice, however,
these costs are often difficult to obtain, espcially product handling costs.  For
reasons of simplicity, we assume that a total cost figure ci per product i can be
obtained for all products.

B. Model components

The PROFSET optimisation problem is operationalized by means of an integer-
programming model containing two important components:

Objective function

The objective function represents the goal of the optimisation problem.  It is
constructed in order to maximise the overall profitability of the hitlist.  Frequent
itemsets X and their associated gross margins Mx contribute in positive sense to the
objective function.  In contrast, individual products i and their associated cost ci

contribute in a negative sense.

Constraints

1. Because the final decisions need to be taken on the product level instead of on
the frequent itemset level, we must specify which products i are included in
each frequent itemset X.  This information can be obtained from association
rule mining.

2. Basic products can be specified by forcing the model to select certain
products.

3. The size of the hitlist is specified by the ItemMax constraint.



C. Model specification

Max Z =

s.t.

∀ X , ∀ i ∈ X : i  ≥  X

∀ i | i is basic product : i = 1

 # products

          =  ItemMax

where i and X are booleans

By using frequent itemsets the objective function will give a lower bound, i.e. the
observed amount of profit will be higher than indicated by the value of the
objective function.  The reason is that we consider frequent itemsets and thus
infrequent itemsets will not add to the total profit amount in the objective function.
This is however justified because it is highly probable that infrequent itemsets
exist because of random purchase behaviour.  Consequently, we claim that the
objective function only measures the profit from structural, underlying purchase
behaviour.

5 Empirical study

The empirical study is based on a data set of 27,148 sales transactions acquired
from a fully automated convenience store over a period of 5.5 months.  The
product assortment of the store consists of 206 different items.  However, the
average sales transaction contains only 1.4 different items because in convenience
stores customers typically do not purchase many items during a single shop visit.
With regard to the costs of each individual product in the assortment, detailed
information on handling and inventory costs could not be obtained so these will be
considered equal for all products and therefore costs are not included in the model.

icXM
# products

i

# frequent sets

X

∗−∗ ∑∑

∑

X = 1 i = 1

i = 1

i



Basically, the empirical study involves two important phases.  In the first phase,
structural purchase behaviour under the form of frequent itemsets is discovered by
using the data mining technique of association rules (section 5.1).  Then, in the
second phase, the PROFSET method is used to select a hitlist of products from the
assortment (see section 5.2).

5.1 Mining for association rules

As the objective function in the PROFSET method requires frequent itemsets as
input, frequent itemsets and association rules were discovered from the database.
An absolute support of 10 was chosen.  This means that no item or set of items
will be considered frequent if it does not appear in at least 10 sales transactions.
As a consequence, we consider all itemsets X as non-frequent, i.e. describing
random purchase behaviour, if the itemset appears in less than 10 rows in the
sales-transaction database. It could be argued that the choice for this support
parameter is rather subjective.  This is partially true, however, domain knowledge
from the retailer can often indicate what level of support may be considered as
relevant.  Furthermore, within relatively small intervals, the model will be
insensitive to alterations of the minimum support threshold.  The reason is that
when gross margins of products are within a relatively small range, frequent
itemsets with relatively low support will not be able to influence the objective
function.  523 frequent itemsets were obtained of size 1 or 2 with absolute support
ranging from 10 to 2833.  The size of the frequent itemsets is rather small; this can
however be explained by the small size of the average sales transaction.  Although
the model does not use association rules as input, i.e. it uses only frequent
itemsets, the discovery of association rules will be helpful for interpreting the
output of PROFSET, as will be explained in the next section.

5.2 Product selection (PROFSET)

In order to make the comparison between PROFSET and the product specific
profitability heuristic straightforward, we chose not to specify basic products in
the model.  Consequently, the model will be able to fully exploit cross-sales
potential between items in the assortment without any restrictions.  Furthermore,
any ItemMax value can be selected to constrain the number of items for inclusion
in the hitlist. Experiments with the PROFSET method indicate that, for this data
set, small but important results can be identified:



1. Using PROFSET, some products with relatively low product-specific
profitabil ity but considerably high cross-selli ng effects are selected for the
hitlist.

2. The PROFSET method enables to assess the sensitivity of product assortment
decisions and, as a result, allows to identify the importance of the impact of
such decisions on the total profitabil ity of the hitli st.

Observation 1

We demonstrate observation 1 by a concrete example obtained from the empirical
results with both product selection methods.  Consider the products tobacco brand
'x' and cigarette paper brand 'y'.  Table 1 illustrates the total margin2 of each
product and its according position (with regard to the total margin) within the
entire product assortment.

Table 1: total margin, position and selection for brand 'x' and 'y'

Total margin Position Prod profit. PROFSET

Tobacco brand 'x' 10353 BEF 17 • •

Cigarette paper
brand 'y'

3258 BEF 66 ° •

Table 1 shows that from the product-specific point of view, tobacco is the 17th

most profitable product in the assortment and cigarette paper ends up 66th.  So,
when the maximum number of products allowed in the hitli st is less than 66,
according to the product-specific profitability heuristic, cigarette paper will not be
included (see column 4).  In contrast, experiments showed that for ItemMax equal
to 35, the PROFSET method selects both products for inclusion in the hitli st (see
column 5).  This indicates that cigarette paper must have considerable cross-
sell ing opportunities with one or more products that are included in the hitlist.  In
fact, this information can easil y be obtained from examination of the association
rules (section 5.1) as illustrated below:

Cigarette paper ⇒ tobacco [support = 291, confidence = 1.00]

Tobacco ⇒ cigarette paper [support = 291, confidence = 0.82]

                                                       
2 Total profit margin = number of items sold x unit profit margin of the product in Belgian

Francs (BEF)



The rules presented above demonstrate that whenever a customer buys cigarette
paper, he/she also buys tobacco (confidence = 100%) and that when a customer
buys tobacco he will often also buy cigarette paper with it (confidence 82%).  A
more formal method [Brin, Motwani & Silverstein, 1997] to assess the
dependence between two or more products is interest.

Definition 5 Interest

s (X ⇒ Y)

s (X) * s (Y) �

The nominator s (X ⇒ Y) measures the observed frequency of the co-occurrence
of the items in the antecedent (X) and the consequent (Y) of the rule.  The
denominator s (X) * s (Y) measures the expected frequency of the co-occurrence of
the items in the antecedent and the consequent of the rule if both itemsets were
conditionally independent.  Table 2 illustrates the three possible outcomes for the
interest measure and their associated economic interpretation for the dependence
between the items in the antecedent and consequent of the rule.

Table 2: economic interpretation of interest

Outcome Interpretation

Interest > 1 Complementarity effects between X and Y

Interest = 1 Conditional independence between X and Y

Interest < 1 Substitutability3 effects between X and Y

With regard to the products tobacco and cigarette paper interest is equal to 76.7
>> 1 which indicates very strong complementarity effects between the two
products.  As a consequence, when treated together, these two products may
represent a high total profit contribution indicating that it may be advised to select
both products for the hitlist instead of selecting only tobacco.  Indeed, the total
profit contribution of the frequent itemset {tobacco, cigarette paper} equals 8875
BEF, which makes this sales combination the 10th most profitable frequent
itemset, and therefore PROFSET selected both products for inclusion in the hitlist.

However, not all product combinations with high cross-selling potential are
necessarily included in the hitlist.  The profit contribution of the sales combination

                                                       
3 Recall that substitutability indicates less than the expected level of mutual support.



must be sufficiently high for the items to be included in the hitlist.  For instance,
the itemset {toothpaste, toothbrush} has an interest of 2468 >> 1 (extremely high)
and, according to the association rules generated in section 5.1, they are always
bought together.  However, the support count of the itemset is equal to 11 (slightly
above the minimum support threshold).  As a consequence, the total profit
contribution of this itemset (415 BEF) is insufficient to influence the product
selection process.

Observation 2

Concerning observation 2, the impact on total profitability caused by product-mix
decisions can easily be assessed by means of sensitivity analysis.  When for
instance product i is deleted from the optimal set, and it is replaced by the best
product i ' outside the hitlist, its impact on profitability can easily be observed
through the shadow prices of the optimisation model.

Figure 1: Profitability impact of replacement decisions

Figure 1 illustrates the profit impact of the replacement of each product in the
hitlist. While most product replacements have only minor profit implications
(-2 %), some products (6, 9, 20, 22) represent major profit drivers that should not
be deleted from the hitlist.  This insight can help retailers to quantitatively
evaluate entry and exit decisions.  Furthermore, the replacement of items in the
PROFSET model is based on dynamic reselection of products whereas for the
product-specific profitability heuristic the product that replaces the exiting product
will always be the one with the highest product-specific margin outside the list.  If
this entrant happens to have no or small cross-selling effects with the items inside
the hitlist, selecting a product with a lower product-specific profitability but higher
cross-selling effects with items inside the hitlist could be more appropriate.  In
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fact, experiments revealed that for 43% of the products, dynamic reselection of
items with the PROFSET model resulted in better overall profit compared to
replacement with the product-specific profit heuristic.  Obviously, the more cross-
sell ing effects exist in the product assortment, the more impressive the profit
improvement of the dynamic reselection will be, when compared to the product-
specific profitabil ity heuristic.

5 Conclusions and future research

In this paper, we proposed a model for product selection based on the use of
frequent itemsets obtained from association rule mining.  We used purchase data
from a full y-automated convenience store to empirically validate our approach
against a frequently used heuristic for product selection.  Results indicated that our
model is able to identify cross-sell ing effects implicitly through the use of frequent
itemsets, instead of having to estimate cross-sell ing parameters explicitly (li ke it is
often done in product selection and shelf-space allocation models).  We also
showed that with our model, sensitivity analysis could easil y be carried out
enabling the retailer to quantitatively assess the profitabilit y impact of product
assortment decisions.  Furthermore, the retailer's background knowledge with
regard to basic products can easily be incorporated in the model by means of
additional constraints.

Yet, the retailer should also consider the following limitation.  The presented
model is deterministic in nature.  This means that the model assumes that when for
itemset {X, Y} one of the items X or Y is not selected by the model, consequently
all sales related to this itemset will be lost.  This is of course too simplistic as
customers do not always purchase certain product combinations intentionally.
Therefore, it may well be that a fraction of the sales related to that itemset may
stil l be recovered.

Three main topics wil l be issues for future research.  First of all, we want to assess
our model on supermarket sales transaction data because we expect that cross-
sell ing effects are more manifestly present in supermarket data.  The reasons are
threefold: (a) consumers typicall y visit supermarkets to do one-stop-shopping, (b)
a wider product assortment increases the probabilit y of complementary purchases
and (c) customers tend to buy more products during the same supermarket visit
when compared to the automated convenience store (partially due to one-stop-
shopping behaviour).

Secondly, when sales transaction data from multiple stores with different product
assortments but more or less the same underlying purchase behaviour can be
obtained, it is possible to use the PROFSET method to construct an ideal
composite product assortment.  Indeed, when certain product combinations



demonstrate to be very successful, the best product combinations obtained from
multiple stores could be integrated into one ideal product assortment.

Thirdly, product handling and inventory costs will be examined in more detail.
For the automated convenience store, we expect inventory costs to be heavily
influenced by costs of refrigeration.  Indeed, since the vending machine stores
(among others) perishables, we expect the costs of refrigeration to be an important
cost driver.  In turn, this will have a major impact on the profit margin of
individual product items, depending on their sales rotation.
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